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In the present theoretical investigation the domains of the order of skew-cosh-Gaussian (skew-chG) laser beams for a
given set of skewness parameters and its significant effect on the self-focusing/defocusing in collisionless plasma has been
studied. The nonlinearity in the dielectric function of collisionless plasma is mainly due to the ponderomotive force. By
following parabolic wave equation approach under Wentzel-Kramers-Brillouin (WKB) and paraxial approximations,
nonlinear coupled differential equations are established for the beam width parameters. These equations have been solved

numerically by using fourth-order Runge-Kutta method. The results obtained are presented graphically and discussed.
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1 Introduction

Plasma is a quasineutral gas of charged as well as
neutral particles which exhibits collective behaviour.
Self-focusing is a third order nonlinear optical
phenomenon in which the intense laser beam incident
on medium changes the optical properties in such a
way that beam comes to focus within the medium.
Self-focusing/defocusing of laser beams in nonlinear
media has been extensively reviewed by Akhmanov
et al'. Sodha et al’ did its pedagogical straight
forward extension to plasmas. There are three main
mechanisms  viz., collisional, relativistic and
ponderomotive that contribute to modifications in
the dielectric constant of plasma in the investigations
of laser-plasma interaction’. The interaction of
high-power laser beams with plasmas is not only of
technological attention but also rich in various
nonlinear phenomena which are crucial in so many
applications, such as high harmonic generation®, soft
x-ray generation®, ionospheric modification’, laser
driven electron acceleration®, self-phase modulation’,
fast ignition for inertial confinement fusion®,
generation of new radiation sources’ efc.

Collisionless plasma is weakly coupled. Particles in
plasma interact through the Coulomb’s force which
reaches over a long distance. The long-range part of
the Coulomb’s potential is masked by the collective
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behaviour of the particles and particles are interacting
with the screened Coulomb’s potential. When the
intense laser beam propagates through collisionless
plasma, the electrons in plasma are subjected to the
ponderomotive force due to the gradient of the
inhomogeneous irradiance. In the axial region, where
the laser beam is more intense, ponderomotive force
drives electrons away from it. As a result, expulsive
force is generated within the channel, while plasma
pressure outside the channel offsets the expulsive
force, leading to decreased density inside the channel.
In steady state, the effective dielectric constant is
improved. Self-focusing and defocusing are caused by
this self-induced inhomogeneity in the dielectric
function of the plasma'’. In past few decades,
different kinds of laser beam profiles have been
explored for the studies of propagation dynamics
of laser beams. Few of them are cosh-Gaussian
beams''""®, Hermite—-Gaussian beams'®, Hermite-cosh-
Gaussian beams'”"’, elegant Hermite-cosh-Gaussian
beams'®"’, Quadruple Gaussian beams®’, Bessel-
Gaussian beams”"*, finite Airy-Gaussian beams™ efc.

Recently, skew-chG laser beam has attracted a
remarkable attention due to its specific properties.
Such beam can create wakefield and generate THz
radiation®. Tt has been suggested that chG beam is
useful for harmonic generation” and electron
acceleration™. In the present work, the domains of the
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order n of skew-chG laser beams have been
investigated in collisionless plasma. By considering
symmetry in two transverse directions of the beam, an
electric field profile of skew-chG laser beam have
been explored. It has been also emphasized that the
order n and skewness parameter s of skew-chG laser
beam plays an important role in the propagation
dynamics of skew-chG laser beam. Furthermore, the
analytical study in the present situation focuses
exploration of order n and skewness parameter s of
the skew-chG laser beam. To be more precise, present
study investigates analytically the domains of the
order n of skew-chG laser beam for given set of
skewness parameter s so as to investigate its effect on
propagation dynamics of the skew-chG laser beams.
In Section 2, nonlinear coupled differential equations
for beam-width parameters have been established for
skew-chG laser beams in isotropic collisionless
plasma. In section 3, numerical results are presented
graphically and discussed. Finally, a brief conclusion
is added in section 4.

2 Basic Formulation

The initial electric field profile of skew-chG laser
beam in Cartesian co-ordinate system can be written
as,

E(x,y,0) = E, cosh™ (%) e<_%) cosh™ (%) e<_§)
(D)

where n and m are order of skewness, 7y is initial
beam radius, E, is amplitude at central position and
Sy and s, are skewness parameters along x and y
directions respectively. For a convenience, we can
express Eq. (1) as follows

E(x,y,0) =

n
[9_(ﬁxro+ﬁzsx)z + e_(ﬁLro_ﬁzsx)z ]
2 2qm
e_(x/ﬁyro-*\/mzsy) + e_(JﬁyTo_\/ﬁzsy) :|

. (2)
The collisionless plasma is described by the
dielectric function which can be expressed as’
e=¢g + ¢ (EE"), ...(3)
where g, and ¢ (EE™) represents the linear and
nonlinear parts of dielectric function ¢, and gy = 1 —
(wj/w?), where w,, is the plasma frequency in the
absence of the beam, w is the angular frequency of

laser and w, = /4w N, e?/m,, where Ny, e and m,
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Zoemy €XP
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are the density of plasma electrons in the absence of
the beam, charge on electron and rest mass of electron
respectively. The term ¢ (EE*) exhibit saturation
behaviour with EE* and for collisionless plasma, it
may be expressed as’,
¢ (EE™) =ww—’f[1—exp(—mi—;EF)] . (4
with @ = e2M /6 kgTyw?my?, where kg, Ty and
M are Boltzmann’s constant, equilibrium plasma
temperature and mass of ion respectively. The wave
equation governing the electric field of the laser and

dielectric function € of the plasma can be expressed as
e 9%E

2
V2E - =-52=0 .. (5)

In writing Eq. (5), the term V(V-E) has been
neglected, which has been justified when

(cz/ooz)EV2 In £| «1. In WKB approximation

solution of Eq. (5) can be written as follows

E = A(x,y,z)exp [i(wt — kz)] ... (6)
Substituting € and E from Egs. (3) and (6) in Eq.

(5) and solving, one can obtain

%24 | 924

ﬁ+—+—¢(EE)A—21k— .. (7

To solve parabolic wave Eq. (7), we now express

A(x,y,2) as

A(x,y,z) = Ag(x, v, 2) exp[—ikS(x,y, z)] .. (8)
where, Ay(x,y,z) and S(x,y,z) are real functions

of x, y and z and S is the eikonal of the beam.

Substituting for 4 from Eq. (8) in Eq. (7) and equating

real and imaginary parts, we get

Z(Z—j) + (Z—i)z + (E)z = (32A° + 62"20) + f#o (A4 4) ...(9)

dy k24, \ ax? 2y
and
2 G+ G) G+ (E+5) =0 .00
Following the approach given by Akhmanov et al.'

and its extension by Sodha et al.’, the solutions of the
Egs. (9) and (10) can be written as

S=p (Z) "+ Bz(Z)y + ¢(2) . (11)
and
EZ n? Sy2
3.9 = e o0 ()
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... (12)
where B (2) = (1/f)(0f1(2)/92z) and B, (2) = (1/
£)(0f,(2)/92), here, B1(z) and B,(z) are the inverse of
the radius of curvature of the beam along x and y
directions respectively, ¢(z) is the axial phase, f;(2)
and f,(z) are dimensionless beam-width parameters
along x and y directions of the beam respectively.
Substituting Eqs. (11) and (12) in Eq. (9), we have
obtained differential equations for f; and f, of skew-
chG laser beams as

d’f; _ n®sg-nsz-4nsi+4
agz fi®
_3m0aE%
3mgakf e MI1T2 (2-ns,?) ¢ w} (13)
4M fi? f, c?
and
a’f _ n’sy-nsy-4nsi+4
ag? f2°
_3m0aE%
3moaEg e *Mf1f2 (2-nsy?)ré w} (14)
4M f? fi c?

where ¢ = z/R; is the dimensionless distance of
propagation and R; = k¢ is the Rayleigh length
with k = (w/ c)\/e_o as wave number. Now, we have
made analytical investigation by considering the same
order of skewness i.e., n = m as well as skewness
parameters S, = s, =s along x and y directions
respectively. Egs. (13) and (14) are nonlinear coupled
differential equations that shows the variation of the
f1 and f, with respect to the dimensionless distance of
propagation . The first term on the right-hand side of
these equations leads to the diffraction divergence
which is responsible for defocusing and the second
term leads to convergence resulting from the
ponderomotive nonlinearity which is responsible for
self-focusing. The beam gets self-trapped, when the
self-focusing and diffraction of a laser beam are
perfectly balanced.

3 Results and Discussion

By applying initial conditions on Eqs. (13) and
(14), i(§=0)=f,({=0)=1 and d?f,/d§* =
d*f, /dé? = 0 considering the symmetry such as
Sy = Sy =s, and n = m we get the expression for
dimensionless critical beam radius py = wpry/c in
terms of critical intensity parameter p, = aEg,
skewness parameter s and order of skewness n as

follows:
4M(n%s*—ns*-4ns?+4

I e .. (15)
3mge 4M p, (2 -—ns?)

Now, Eq. (15) can also be written as,

1 3m e_gTR'IpO (2 —ns?)

— =T Po ... (16)

P02 4M(n2st—nst-4ns2+4)
For the maximum value of right-hand side we can
write the Eq. (16) as

_3moPo
d |[3mge” " 4M py(2-ns?)

dpy |4 M (n?s* —ns*-4ns?+4)

=0

.. (17)

Solving the Eq. (17), one can obtain value of p, at
minimum value of p, denoted as pgmin. Therefore,
we can obtain

2.4 4 2
Pomin = 2.7183 (n 5(2 _r:sz)z;ns +4) . (18)

Equation (18) is used for further graphical and
analytical explorations as discussed below. The
expression of pomin s purely dependent on skewness
parameter s and order of skewness n. In Fig. 1, the
variation of pg;in With order of skewness n for the
given set of values of skewness parameters s (0.5, 1.0,
1.5, and 2.0) gives the domains of order of skewness
n. The subsequent analytical investigation using Eq.
(18), under the condition pg;p,in > 0 results in four
distinct domains corresponding to each value of
skewness parameter s. The critical curve analysis
results in clear discrimination of supercritical (above
critical curve) and subcritical (below critical curve)
regions. These two regions are always separated by

T T

2.5}

2.0

Po min

1.0

0.0

2 3 4 5
n

Fig. 1 — Domains of order n of skew-chG laser beams for given
skewness parameter s.



970

INDIAN J PURE APPL PHYS, VOL. 60, DECEMBER 2022

= u=033

50[;

n =0.66

u=099

Fig. 2 — Critical curves for distinct values of skewness parameters s and same order of skewness (symmetry) n = m (a) s = 0.5, (b) s =

1.0, (¢) s = 1.5 and (d) s = 2.0.

critical curve. Thus, using Eq. (15), the Fig. 2 gives
four sets of plots of critical curves where each set
corresponds to given value of skewness parameter s.
In those sets, in general, it is observed that with
increase in the value of n, the critical curve shifts
downward and saturates at its minimum value. For a
point ( py, Do) in supercritical region, self-focusing is
observed and for a point ( pg, po) in subcritical region,
defocusing is observed. But for any point (pg, pg) on
the critical curve, self-trapping of skew-chG laser
beam is obviously self-explanatory.

Finally, Egs. (13) and (14) are solved numerically
for the values of p) = 20.00 (supercritical region), p,=
1.5550 (subcritical region) and p,= 2448 which are
consistent with all the plots of critical curves in Fig. 2.

In Fig. 3 we have shown explicitly the variation of
/7 and f> with respect to the dimensionless distance of
propagation &, for different domains of the order of
skew-chG laser beam as shown in Table 1 along with
po=20.00 and p,=1.550 with p,= 2448.

The variations in f; and f; with respect to the
domains of n areclearly evident in Fig. 3.
We have taken the two different values of p,= 20.00
and py= 1.550 which lives in supercritical and
subcritical regimes respectively with p,= 2448.
For py= 20.00 and p,= 2448, the self-focusing
and for py= 1.550 and p,= 2448 the steady
defocusing of the skew-chG laser beams is noticed.
For any value of p, on the critical curve, the self-
trapping of skew-chG laser beam observed which is
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obviously self-explanatory. In addition, for the given
skewness parameter s with respect to domains of
orders of skew-chG laser beam n the rate of
defocusing decreases. Also Fig. 3 depicts that when
the domains of n increases with s, the self-focusing
length decreases.

skewness parameter. For supercritical (subcritical)
region, increase in rate of self-focusing (defocusing)
is observed with increase in order of skew-chG laser
beam for a given skewness parameter. As obvious,
due to symmetry in two transverse directions n = m,

Table 1 — Domains of order n of skew-chG laser beam for given set of skewness parameter s.

s=0.5 =1.0 s=15 s=2.0
0<n<5.62772 0<n<1.00000 0<n<0.32170 0<n<0.13399

Ttz nn=1 (a) e f1=f3,m = 0.33 (b)

P JS1=f,n=3 PP fi=f2,n=0.66
.......... fr=f1.n=5 oo f15f2,n = 0.99
e N1=f1.n=1 msmiey Ji=f3n=033
——= fisppm=sl et ——— fi=f2,n=0.66
(= fr=fpn =8| T = == fi=fsn=095

Fiy 2

N1

— f1=f2n=01 (C) — f1=f2,n=0.03 (d)
Y hanat fi=f5,n=02 P Rt J1=f2,n=0.06
.......... fi=f2,n=03 srssasn fi=f> n=0.09
- fi=fu,n=01 s —— f1=12n=0.03 s -
——= fAsfpn=02l T - ——— f1=f3,n=0.06 s - o
....... —— fizfo,n=008}-""" S 2
1.0} - Aaanaaly

N
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0.0

0.0 02 0.4 0.6 0.8

Fig. 3 — Variation of beam width parameters f; and f> with dimensionless distance of propagation ¢ with p, = 2448 for distinct skewness
parameters s and domains of order n of skew-cosh Gaussian laser beams for p,= 20.00 (self-focusing), p, = 1.5550 (defocusing),
(1) s=0.5and 0 <n <5.62772, (ii) s = 1.0 and 0 <7 < 1.00000, (iii) s = 1.5 and 0 <7 < 0.32170 and (iv) s =2.0 and 0 <n < (0.13397.

4 Conclusions

In conclusion, nonlinear coupled differential
equations in transverse dimensions of the skew-chG
beams are established using the parabolic wave
equation approach under WKB and paraxial
approximations. It is found that the domains of order
of skew-chG laser beams decreases with increase in

f1 and f, shows perfect synchronisation.
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