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Kinetic Alfven waves in the presence of an inhomogeneous electric field applied perpendicular to the ambient magnetic
field with loss-cone distribution function and ion and electron beam are investigated. The particle aspect approach is adopted
to investigate the trajectories of charged particles in the electromagnetic field of a kinetic Alfven wave. Expressions are
found for the field-aligned current, the perpendicular current and the dispersion relation. The growth/damping rate of the
wave is obtained by an energy conservation method. The effect of electron and ion beam, steepness of loss-cone and
inhomogeneity of electric field are discussed. The plasma under consideration is assumed to be anisotropic and with low β.
The results are interpreted for the space plasma parameter appropriate to the auroral acceleration region of the earth’s
magnetosphere.
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1 Introduction
Kinetic Alfven waves are of great importance
in laboratory and space plasmas. These waves play
an important role in energy transport, in driving
field-aligned currents, in particle acceleration and
heating, and in explaining inverted-V structures in
magnetosphere–ionosphere coupling and in solar flares
and the solar wind1-3. The magnetohydrodynamic
(MHD) Alfven wave is converted to kinetic Alfven
waves via the ion finite Larmor radius effect1,4.
Kinetic Alfven waves are accompanied by a
compressive magnetic field and a parallel electric
field. Kinetic Alfven waves have been implicated in a
wide variety of geophysical processes from the
ionosphere to the solar corona5,6. Observations of
electric fields in the ionosphere and the
magnetosphere using various techniques have led to
important advances in the understanding of
magnetosphere-ionosphere coupling. The plasma
sheet plays an important role in the transfer of energy
and matter from the solar wind to the ionosphere7.
The kinetic Alfven waves are accompanied by the
electric field along the background magnetic field and
can accelerate and heat charged particles8.

Electric fields of the order of hundreds of milli
volts per meter have been predicted in the high
latitude ionosphere, the auroral zone, magnetotail and
the plasma sheet9-14. In a variety of situations, in
particular at the time of sub-storm onset, the
interplanetary magnetic field reverses its direction and
two oppositely directed inhomogeneous electric fields
are reported in the plasma sheet and in the auroral
zone9,10. Over the last decade, it has been established
that auroral luminosity is due to the impact of an
accelerated electron beam coming towards the
ionosphere and at the same event, the upcoming ion
beam has also been observed towards the
magnetotail15,16. In the recent past, particle aspect
analysis was used to explain the auroral particle
acceleration in terms of Alfven waves and kinetic
Alfven waves propagating parallel to or obliquely
with respect to the ambient magnetic field14,17-20.
The purpose of this paper is to investigate the
effect of ion and electron beams on the kinetic Alfven
waves in the presence of loss-cone distribution
function and an inhomogeneous electric field in the
auroral region by using particle aspect analysis. The
theory is based on Dawson’s theory of Landau
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damping, which was further extended by Terashima21,
Tiwari et al.22, Varma & Tiwari23, Baronia &
Tiwari14,17 and Dwivedi et al.18-20 for the analysis
of electrostatic and electromagnetic waves. The
advantage of this approach is its suitability for
dealing with auroral electrodynamics and energy
exchange by wave-particle resonant interaction.
2 Basic assumptions
In this model, the plasma is divided into two
groups of particles: resonant and non-resonant. It is
supposed that resonant electrons participate in the
energy exchange with waves, whereas non-resonant
particles support the oscillatory nature of the waves.
A wave propagating obliquely to the magnetic field in
a plane normal to the density gradient and applied
electric field is considered, in anisotropic plasma. The
ambient magnetic field is directed along the z-axis,
and the density gradient and perpendicular electric
field are in the y-direction. The wave is propagating
in the (x, z) plane.
The kinetic Alfven wave is assumed to originate at
t = 0 when the resonant particles are undisturbed. The
low β (ratio of plasma pressure to the magnetic
pressure) is considered collision-less plasma
satisfying the conditions:
VT||i <<

ω
2
2
2
2
<< VT||e ; ω << Ωi ,Ωe ; k ⊥ ρe << k ⊥ ρi < 1
k||

where, VT||i and VT||e, are the thermal velocities of
ions and electrons along the magnetic field; Ωi,e,
gyration frequencies; ω, the wave frequency; and ρi,e,
the mean gyro-radii of the respective species. k┴ and
k|| define the components of wave vector k
perpendicular and parallel to the magnetic field B0.

3 Distribution function
The perturbed density is adopted for non-resonant
particles in the presence of the kinetic Alfven wave
for the inhomogeneous plasma14. To determine the
dispersion relation and the associated currents, the
distribution function of the form18 is used:
Vx
)] f ⊥ (V⊥ ) f|| (V|| )
Ω

N ( y,V ) = N 0 [1 − ε( y +

... (4)

where,

f ⊥ (V⊥ ) =

f|| (V|| ) =

V⊥

2

2(J+1)
πVT ⊥ J!

{

 1 
 πV  exp


T||

2

... (5)

exp{-V⊥ VT ⊥ }

(

-m V|| -VDj

)

2

}

/ 2T||

... (6)

… (2)

… (3a)

4 Dispersion relation
The integrated perturbed density for non-resonant
particles ni,e is given as:

where,

E⊥ = −∇ ⊥ φ , E|| = −∇ || ψ
and

ψ = ψ1 cos(k ⊥ x + k|| z - ωt)

where, a, is taken to be comparable to the mean ion
gyroradius but much larger than the Debye length.
When, y2/a2 << 1, E(y) becomes a constant uniform
field. In the case, y > a, the electric field changes sign
and is oppositely directed.

where, ε, is a small-scale parameter of the order of
inverse of the density gradient scale length. VDj
defines the beam velocity of the particles. Here,
m, is the mass; V┴ and V||, are the velocities, and
T┴ and T||, are the temperatures of charged particles
perpendicular and parallel to the magnetic field B0
which is directed along the z-axis. J defines steepness
of loss-cone. The wave is propagating in x-z plane
normal to density gradient which is along the y-axis.

Consider a kinetic Alfven wave of the form14,17-19:

φ = φ1 cos(k ⊥ x + k|| z - ωt)

 y2 
E(y) = E0  1 − 2 
 a 

2J

… (1)

E = E ⊥ + E|| .

thermal velocity along the field lines are assumed to
interact with the electric field of the kinetic Alfven
wave. Electrons whose velocity is slightly less than
the parallel phase velocity ω/k|| of the wave cause
Landau damping of the wave. The inhomogeneous
applied electric field E(y) has the form of a stable
mode, and is given as14:

… (3b)

where, φ1 and ψ1, are assumed to be a slowly varying
function of time t. Electrons streaming with their

∞

∞

∫

∫

0

−∞

ni,e = 2πV⊥ dV⊥ dV|| n1 (r,t)

... (7)
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The expression of n1 is used for non-resonant
particles, which has been evaluated by Baronia &
Tiwari14 as:
∞

n1 (r, t) = N (V )

∑
−∞

J n (µ)

∞

q

∑ J (µ) m
l

Bessel’s functions show the reduction of the field
intensities due to finite gyroradius effect. With the
help of Eqs (4 and 8), the average densities are
found for inhomogeneous plasma:
i
2
2
2
ωpi  k⊥ φ k|| ψ k⊥Vd mi 
ni =
+
+

4πe  Ωi 2 ωi2
ωiT⊥i 

−∞

  V||k||


 φ1 - ω (φ1 - ψ 1 )  ×


 2
 cos ξ nl
2
j
2
  k ⊥ − Ω Vd k ⊥ m  + k|| ψ 1 

2
2
  a n2
Λ n a n T⊥  Λ n 


ωpe
ne =
ψ
2
4πeVT||e
2

j
d

V

is the diamagnetic drift velocity, which is
defined by:
j

T⊥ 1 ∂N
mΩ N ∂y

... (9)

and Vd = 0, represents the homogeneous plasma; q,
is the charge, which is equal to e for ions and –e for
electrons.
j

k ⊥V⊥
µ=
Ω

 3 E% ′( y ) 
2
1 +

 4 Ω 

2

... (12)

2
where, VT ||e is the square of thermal velocity parallel
,
to the ambient magnetic field. Vdi is the diamagnetic
drift velocity of ions. Using the quasi-neutrality
condition14,18,19,24:

ni = ne ,

... (13)

One gets the relation between φ and ψ as:



2
2 

φ
Ω
ω pe
k||
=- 2 
- 2  Dd
ψ
k⊥  2 2  1 2 2
 ωi 
ω
k
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2
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ωpi,e = 4πN 0 e / mi,e
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Λn = k||V|| - ω+ nΩ + k ⊥ ∆%

a n = Λn - Ω

 1 2 2
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 2

... (11)

2

... (8)

Vd =

71

… (14)
Using perturbed ion and electron densities ni and ne
and Amperes law in parallel direction18,19,24, one can
obtain the relation:

2

ξ nl = k ⊥ y + k|| z - ωt + ( n - l )( Ωt - θ )
... (10)
θ is the initial phase of the charged particles,
n and l are running symbols and integer. In view of
the approximations [Eq. (3)], the dominant
contribution comes from the term n = l = 0 as the
contributions due to higher n are negligible21. The
resonant criterion is given by k||V|| − ω + k ⊥ ∆ = 0 ,
which means that the electrons see the wave
independent of t in the particles frame. The
particles satisfying the above condition are
called resonant. Js are Bessel’s functions, which arise
from the different periodical variation of charged
particle trajectories. The term represented by

∂ 2
4π ∂
∇ ⊥ (φ - ψ ) = 2
JZ
∂z
c ∂t

... (15)

where,
∞

∞

∫

∫ dV [( N(V )u (r,t ) +V n (r,t ))

0

−∞

J Z = e 2πV⊥ dV⊥

||

z

- ( N (V )u z ( r,t ) +V|| n1 ( r,t )) e ]

|| 1

i

... (16)

uz(r,t) is the perturbed velocity of charged
particles in the presence of a kinetic Alfven wave.
JZ is the current density, which involves first-order
perturbations of density and velocity. The expression
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for uz (r, t) is calculated by Baronia & Tiwari14, which
is given as:

q
V⊥ k||k⊥
n
uz (r,t)=- ψ1k|| +
(φ1 -ψ1 ) 
m
ω
µ
×

∞

c 2 Ωi2
v = 2
ω pi
2
A

∞

∑ J ( µ ) ∑J ( µ )
n

−∞

1
[cos ξ nl − η cos(ξ nl − Λ n t )]
Λn

1

−∞

... (17)

where, η = 0 for the non-resonant particles and η = 1
for the resonant one. In the analysis, it is assumed that
the plasma consist of non-resonant and resonant
particles. The non-resonant particles support the
oscillatory motion of the wave, whereas the resonant
particles participate in energy exchange with the
wave. To distinguish the non-resonant and resonant
particles, the symbol η = 0 is adopted for nonresonant particles and η = 1 for the resonant
particles21. The methodology of this paper is based
upon the particle aspect analysis21, which is focused
to evaluate the particle trajectories in the presence of
wave electromagnetic fields.
With the help of Eqs (14 and 15), one can obtain
the dispersion relation for the kinetic Alfven wave in
inhomogeneous plasma as:
2
2

 ( ω-k||VDe )ωiE A
ωi  ω A
1D
Dd
d +
 1- 2 2 
2 2
2 2


k|| v A
 k|| cs A  k|| v A

2 2
2
 ω 2pe
k⊥ω
k|| 
= 2 2 Dd -  2 2 - 2 
k|| Ωi
 ω piVT||e A ωi 
2
2
 ω pi ωi T||i Vdi k ⊥ mi ω 2pi ωi2 A 
×A  2 2 2 
2 3 2
 c Ωi k|| mi
T⊥i c k|| k ⊥ 


... (18)

is the square of Alfven speed. The dispersion relation
of the kinetic Alfven wave reduces to that derived by
Hasegawa & Chen25, Baronia & Tiwari14 under the
approximation, Vdi =0, VDi=0, VDe=0 and I0(λi)exp(-λi)
~ 1-λi, for λi= ½ k┴2ρi2 < 1 as it has been applied.
I0(λi) is the modified Bessel function. δ defines degree
of electric field inhomogeneity.
5 Current density
Since the average value of current vanishes, which
is contributed by first order perturbations of density
and velocity due to their periodical variations, the
average current per unit wavelength is evaluated,
which is the second order perturbation. To evaluate
the perturbed current density per unit wavelength, the
following set of equations are used:
λ

ωi = ω - ωiE - k||VDi; ωiE = ωE ( 1-δ )
δ=

2
i

ρ
k ⊥ E0
; ωE =
2
2a
B0

where,
2

cs =

ωpi2 VT||e2
ωpe2

is the square of ion-acoustic speed and

∞

(

)

J i,e = ds 2πV⊥ dV⊥ dV||e ( N + ni ) V + u − NV 

 i,e
0
0
−∞

∫ ∫

∫

... (19)
and J = J - Je

... (20)

With the help of Eqs (4, 8 and 17), following
relations are obtained:

ψ1ek⊥ k|| λ  ωpe

2
8π  me Ωe
2

JX =

(

2

 φ 1 - ψ1   2ωe2

 1- 2 2
 ω   k|| VT||e

)

ω pi 1 - k ⊥ ρi ( J + 1) φ 1 

−
2
m i Ω i ωi

2

where,
 Vdi k ⊥ Ωi2 mi 
 1 2 2

Dd =  12
 ; A =  1- k ⊥ ρi ( J +1 ) 
T⊥i k ⊥ ωi 
 2



∞

JZ =

2

... (21)

2
2
eψ1k|| λ  ωpe  k⊥  φ 1 - ψ1  2ωeψ1  8ωe

+ 2 2  - 2 4 ψ1 
  2 

8π  me  Ωe  ω  k|| VT||e  k|| VT||e 

2

-

2

 2ωe 
 + 2 2 φ1 
 k|| VT||e 

ω pi
mi


 k⊥2
4ψ1
4ψ1 
2 2
+ 2  1- k⊥ ρi ( J +1) 
 2 φ1 2
k||VT||i VT||i ωi 

 Ωi ωi
... (22)

(

)

where,

ωe = ω − ωiE − k||VDe
In the evaluation of the current densities, it was
assumed that the field-aligned and perpendicular
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currents are due to an electromagnetic kinetic Alfven
wave and the contribution due to diamagnetic drift
was very less and neglected.
6 Growth / Damping rate
Evaluating the wave energy density per unit
wavelength and changes in energy of non-resonant and
resonant particles, Terashima21, Varma & Tiwari23 and
Dwivedi et al.18,19 have derived the growth/damping
rate by performing a considerable amount of algebraic
calculations, which is of the form:

73

value of k⊥ρ¡ under the condition k⊥ρ¡ <1. The wave
frequency is dependent on k⊥ρ¡; the nature of wave is
different, when k⊥ρ¡ <1; and for k⊥ρ¡ >1, wave
frequency increases as k⊥ρ¡ increases. The effect of
electric field inhomogeneity (δ) and distribution
index (J) on wave frequency is depicted in Figs [1(b)
and 2(a)]. The wave frequency decreases with
increasing degree of inhomogeneity and distribution

γ = (1 / ψ1 )(dψ1 / dt )

 k ⊥Vde
γ = Aω(T||e / me ) 
f||e (ω / k|| )
 k|| (T||e / me )
'

+f||e (ω / k|| )

3

}

... (23)

Substituting Eq. (6), the growth/damping rate is
finally obtained as:
2
e
2
γ = π 1/ 2 ωe  T||e k⊥Vd -1 exp - ωe 


 2 2 
ω
ωk||VT||e  T⊥e ωe

 k|| VT||e 

... (24)
2

e

represents electron
where, VT ⊥,|| = (2T⊥,|| / m); Vd
diamagnetic drift velocity and the value of ω for the
drift kinetic Alfven wave has to be submitted. In case
of VDe = 0, the growth rate is recovered as derived by
Dwivedi et al.18,19 and Baronia & Tiwari14,17. The
kinetic Alfven waves are generated by density
inhomogeneity if the electric field inhomogeneity is
absent. However, due to the electric field
inhomogeneity, the condition is altered.

Fig. 1 — Frequency (ω) versus perpendicular wave number (k⊥ρ¡)
for different: (a) E0; and (b) δ [VDi = - 4×105 cm s-1; VDe = 1×
107 cm s-1; J = 2]

7 Results and Discussion
In the numerical evaluation of the growth rate,
current and dispersion, the following parameters are
used for the auroral acceleration region14,15,17-20:

B0 =4300 nT, Ωi =412 s−1, KT||i =1 keV,
KT||e = 10 keV, Vde = 200 cm s−1, ωpi/Ωi=10 K
7.1 Dispersion relation

The dispersion relation Eq. (18) has been solved
numerically using the Newton-Raphson method and
the value of ω are plotted versus k⊥ρ¡ in Fig. 1(a). It is
clear that the wave frequency (ω) increases with
increase of the applied electric field. The wave
frequency (ω) is slightly decreasing with increasing

Fig. 2 — Frequency (ω) versus perpendicular wave number
(k⊥ρ¡) for different: (a) J; and (b) VDi [VDe = 1×107 cm s-1;
E0 = 100 mV m-1; δ = 1.0]
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index J. The wave frequency, ω, decreases with
the distribution index, J, may be due to the
decrease of ion drift velocity by averaging the
wave field over the Larmor orbit in the presence
of steep loss-cone distribution functions. Wave
frequency decreases with increase of k⊥ρ¡. Figure 2(b)
shows the variation of wave frequency ω with k⊥ρ¡
for different value of ion beam velocities. It is
observed that wave frequency decreases with increase
of ion beam velocities.
7.2 Growth / Damping rate

Figures 3(a and b) show the variation of
growth/damping rate with k⊥ρ¡ for different value of
electric field and electric field inhomogeneity,
respectively. It is observed that electric field
decreases the growth/damping rate, whereas electric
field inhomogeneity, δ, increases the growth/damping
rate. It is also found that wave is damped at lower
k⊥ρ¡ while excited at higher k⊥ρ¡. Electric field and
electric field inhomogeneity are more effective at
higher k⊥ρ¡. Figure 4(a) shows the effect of
distribution index on growth/damping rate. It is
observed that distribution index enhances the growth
rate and permit low frequency waves for emission.
Figures [4(b) and 5] show the variation of
growth/damping rate with k⊥ρ¡ for different values of
ion and electron beam velocities. It is observed that
both ion and electron beam velocities enhance the
growth/damping rate.

7.3 Electric current

The effect of electric field and electric field
inhomogeneity on parallel current is shown in
Figs 6(a and b). The electric field increases the
parallel current, whereas electric field inhomogeneity
decreases the parallel current. The distribution index,
J, decreases the parallel current as shown in Fig. 7(a).
Figures [7(b) and 8] show the variation of parallel
current with k⊥ρ¡ for different value of ion and
electron beam velocity. It is seen that both ion and
electron beam velocities decrease the parallel current.
It is seen that Jz change sign at higher value of
k⊥ρ¡ and its magnitude is decreasing. Thus, the
magnitude of the field-aligned current may depend
upon the perpendicular wave number and the ion
gyro-radius. Figures 9(a and b) show the variation of
the perpendicular current with k⊥ρ¡ for different
values of electric field and electric field

Fig. 4 — Growth/damping rate (γ/ω) versus perpendicular wave
number (k⊥ρ¡) for different: (a) J; and (b) VDi [VDe = 1×107 cm s-1;
E0 = 100 mV m-1; δ = 1.0]

Fig. 3 — Growth/damping rate (γ/ω) versus perpendicular
wave number (k⊥ρ¡) for different: (a) E0; and (b) δ [VDi = - 4×
105 cm s-1; VDe = 1×107 cm s-1; J = 2]

Fig. 5 — Growth/damping rate (γ/ω) versus perpendicular
wave number (k⊥ρ¡) for different electron beam velocity
VDe [VDi = - 4×105 cm s-1; E0 = 100 mV m-1; δ = 1.0; J = 2]
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Fig. 8 — Parallel current (JZ) versus perpendicular wave number
(k⊥ρ¡) for different electron beam velocity VDe [VDi = - 4×105 cm s-1;
E0 = 100 mV m-1; δ = 1.0; J = 2]

Fig. 6 — Parallel current (JZ) versus perpendicular wave
number (k⊥ρ¡) for different: (a) E0; and (b) δ [VDi = - 4×105 cm s-1;
VDe = 1×107 cm s-1; J = 2]

Fig. 9 — Perpendicular current (JX) versus perpendicular wave
number (k⊥ρ¡) for different: (a) E0; and (b) δ [VDi = - 4×105 cm s-1;
VDe = 1×107 cm s-1; J = 2]

Fig. 7 — Parallel current (JZ) versus perpendicular wave
number (k⊥ρ¡) for different: (a) J; and (b) VDi [VDe = 1×107 cm s-1;
E0 = 100 mV m-1; δ = 1.0]

inhomogeneity. It is observed that electric field
enhance the perpendicular current, whereas electric
field inhomogeneity reduces the perpendicular
current. Figure 10(a) shows that the perpendicular
current decreases with the increase of distribution
index, J, for k⊥ρ¡ less than 0.7. The effect of ion and
electron beam velocity on perpendicular current are

Fig. 10 — Perpendicular current (JX) versus perpendicular wave
number (k⊥ρ¡) for different: (a) J; and (b) VDi [VDe = 1×107 cm s-1;
E0 = 100 mV m-1; δ = 1.0]
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Fig. 11 — Perpendicular current (JX) versus perpendicular
wave number (k⊥ρ¡) for different electron beam velocity
VDe [VDi = - 4×105 cm s-1; E0 = 100 mV m-1; δ = 1.0; J = 2]

shown in Figs [10(b) and 11]. It is observed that both
ion and electron beam velocity decrease the
perpendicular current. It is clear from the Figs [9(a) to
11] that the perpendicular currents change sign and its
magnitude first decreases up to k⊥ρ¡ ~ 0.8 and then
increases but in opposite direction.
8 Conclusion
The present investigation of kinetic Alfven
wave incorporates the effectiveness of electric
field inhomogeneity in the presence of ion and
electron beam. The effect of steep loss-cone
distribution function, which may be more
appropriate for particle distribution due to
converging magnetic field lines of the ionosphere, is
considered. It is also noticed that electric field
inhomogeneity is more effective on parallel
current in the presence of distribution index, J, and
ion and electron beams as compared to earlier
work14. It is noticed that ion and electron beam
velocities are more effective towards higher k⊥ ρ¡ in
the presence of inhomogeneous electric field as
compared to earlier work26. The calculated values
of frequency are smaller than the observed values
0.1–0.4 Hz. The electric field inhomogeneities
support the kinetic Alfven wave generation.
The particle aspect analysis adopted here also
predict the currents associated with the wave.
The kinetic Alfven wave may be generated in the
distant magnetosphere either by electric field
inhomogeneity14 or density inhomogeneity27 at substorm times and propagates towards the ionosphere
leading to acceleration and current pattern as
reported by Freja28 and FAST satellite data29.
The ion and electron beams are capable of
generating kinetic Alfven waves and the direction of
current is controlled by the electron and ion beam
velocities. In the past, variety of theories are
produced for the development of parallel electric

fields on auroral field lines. The present
investigation may be useful to explain observed
Poynting flux6 along auroral field lined towards
the earth by the large scale Alfvenic waves. The
waves generated above the acceleration region are
supported by electric field inhomogeneity in the
presence of ion and electron beams with distribution
index, J, carrying energy towards earth’s ionospheric
regions to display aurora.
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