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The toolbox for the gripper workspace analyses using Lie algebra is developed for shape variables (a;.4 — 0, ) of the
skew revolute joints. The unique methodology for grippers comprises to enable the variety of manifold analyses for
kinematics and dynamics using symbolic mathematics. The Controllable Instantaneous Screw Axes (C-ISA) are defined
through the shape variables considering the twists of the skew revolute joints se(3). The derivation and analyses of the
kinematics and dynamics equations are made possible using the developed methodology with the defined constraints for
gripper mechanisms. The Modular Gripper with Lie Algebra Toolbox (M-GLAT) is developed for the defined constraints of
the angle between C-ISA 1 and C-ISA 2. The novelty subject of this article is the development of the M-GLAT method for
derivation of the constraint based workspaces with the shape variables (054 — 01 ) in the field of the spatial 2-RR gripper
mechanisms. The gripper dynamics with constraint based workspaces of the skew revolute joints are developed for varied
configurations of a;.4 with ICs of 0;,. The modular rule-based workspaces are analyzed for the shape variables of the
(a4 — 01) with the task spaces. This design produces dexterity with the modular grasp workspaces for the gripper fingers
with skew revolute joints. One can select a combination of C-manifolds of (n/20, /40, 7/80) for the requirement of the
nonoverlapping workspaces of the gripper finger designs as the grasp surfaces to control. The modular nonoverlapping
workspace design with dynamics herein is based on the shape variables (0.4 — 01 ,) using skew revolute joint which produce
the high dexterity for the grasping capability of the grippers. The modular micro and macro C-manifold designs obtained the
constraint based workspace algorithms of the 2-RR gripper which is expandable into the higher modular revolute joints of
the n-R for the grippers. The n-R modular expandable grippers are increasing the precision and power grasping capability.
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Introduction

The configuration-dependent modular design
considers spatial controllable instantaneous screw axis
(C-ISA) orientation as a manifold of 2-RR modular
robot parameters for specified applications. The novel
modular design concept herein is developed using the
2-RR common mechanisms for the grippers of the
service and industrial robots." The two classifications
herein of the 2-RR modular grippers for robots are
micro and macro configuration-dependent modular
designs analyzed in-depth in this research article with
kinematic results. Additionally, the challenging era of
symbolic mathematics of modern robot dynamics is
emerging to derive the Equation of Motion (EOM)
using the integrated Lie group theory. The Lie group
theory analyzed the robot dynamics and kinematics
thoroughly.”® The skew revolute joints for the serial
robots”® are applicable herein for the gripper
mechanisms with the skew axis of the C-ISA.
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Gripper poses for the precision or power grasp herein
can be modified using the algorithms developed from
the M-GLAT.

The skew axis is a part of the mechanism common
in the wrist and gripper designs. The decoupling for
the wrist design is studied experimentally without
considering the coupled dynamics and the kinematic
equations.> ™ Wrist joints have skew revolute axes.
Additionally, the research in ISA has been specifying
the motion pattern of the mechanism for the skew axis
of rotation.”” The 2-screw system, examined in this
article, of the 2-RR robots are classified into special
groups for kinematics analysis and control.’*** The
advantage of the revolute joint with the skew axis is
its high maintainability with the developed models for
multibody dynamics in the literature.”> The modular
workspaces herewith the dynamics for the modular
grippers are developed beside the results of
workspaces and dynamics in this research article.

A toolbox with various constraints definable is an
asset for a modular gripper design. Thus, the
workspace of the gripper herein was analyzed using
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the constraints of the angle between two C-I1SA with a
developed toolbox. The angle between the C-ISA 1
and C-ISA 2 is a constraint for the workspace design
pivotal to define the modular grasp capability of the
gripper. Therefore, the angle between the C-ISA 1
and C-ISA 2 is chosen as a constraint for the micro
and macro configurations of the gripper herein. Thus,
the purpose of this research article is to develop a
multi-functional tool wherein the constraint-based
kinematics and dynamics equations can be derived for
the skew revolute joints of the n-R gripper
mechanism. One would need the skew revolute joint
to grasp complex objects in hand with high dexterity.
Thus, the determination of the workspace for grasping
surface is required for skew revolute mechanisms
considering dynamics. Modular Gripper with Lie
Algebra Toolbox (M-GLAT) is developed within the
defined constraints of the angle between C-ISA 1 and
2. Additionally, various constraints herewith were
defined using the M-GLAT for n-R gripper
mechanisms such as 3-R. The novel modular micro
and macro gripper workspaces via shape variables of
(014 — 01,) are defined using the M-GLAT developed
herein.

The configuration spaces (C-space) for the skew
revolute joint mechanisms are specified based on the
requested task spaces for path planning. The
algorithms developed are for the obstacle avoidance
of the robots based on this path planning strategy. The
defined C-space is a position vector concerning
spatial coordinate q € Q; of SE (3).>* The R3 term
defines the position of the end effector, while the SO
(3) defines the orientation of the C-space. The
transformation matrix of g,; , acting as Q, is a group
variable of the SE (3) matrix for the position and
orientation.>'® The C-space maps are the unification
of the requested C-spaces for motion planning of the
obstacle avoidance.

The configuration defines all the possible positions
of the mechanisms with skew revolute joints. The
group variable of g in SE (3) can be modified in Lie
algebra as g~1g in SE (3) the velocity. S is the shape
space containing the shape variables of the
(04— 012). The configuration of the modular
structure defines the (Q, = GxS) for the serial
robots.”” The configuration of the robots is congruent
with the matched shape variables S of the group
variables G. The set cluster of the group variables
with the shape variables of S can structure all the
possible positions for the mechanism as configuration

Q. The workspace defines the end effector
configurations, which can be reached.**® Task space
is the space of a specific task of which the motion of
the robot’s end-effector obtains during this task.*°

The configuration manifold means all the possible
positions for the defined manifold of the locally
Euclidean space. The configuration manifold
(C-manifold) is represented by the (Q;= SE(3) x S*x S*
=GM) as the positioning in the SE(3) using the base
manifold S' x S1.@81 Since the S' x S' manifold
structures the revolute rotational joints of the locally
Euclidean space, the result of the C-manifold of Qs as
a result within the SE(3) group is the locally
Euclidean space system of another manifold. The
group structure of SE(3) assigns to the C-manifold of
the Qs. The assignment achieves the matching the
group of the displacements with the C-space of Q,."®

While the base S'xS! defines the manifold as M,
the SE(3) defines the Lie group as G.* The shape
term considers the C-manifold that is isomorphic to
the shape of the 2-RR modular robots. Additionally,
the article in this study here modified the shape space
of the S'xS' for the potential shape variables of the
014 61, and 6, having configured the modular
C-manifolds of the skew revolute joints. The
M-GLAT method can manipulate to develop
algorithms of the systematic trajectories reliant on the
differential geometry as defined in the literature™ for
modular C-manifold of 2-RR grippers. The M-GLAT
algorithm, structured as a novel toolbox, is
programmed in Maxima.

Manifold, a space qualification definition in
topology, acts with a criterion of behaving locally in
Euclidean space.”® The topologies of the line and
circle correspond to the prismatic and revolute joints
in terms of motion types, respectively. The manifolds
of circle S* or line structures the body coordinate
systems, which have a property of topological space
defined as locally.” The reduced shape variables,
shape control, and shape variables are the terminology
of the mechanisms for kinematics and the dynamics
of manifolds in literature.®*" The specified shape
variables of the 6, , and a;_, are substituted with the
constant values of the manifold’s shape structure for
kinematic analysis in this article. Meanwhile, the rest
called the reduced shape variables changed in
arranged range for workspace and trajectory analyses
of the path planning.

The modular structure analysis succeeds with the
results for the mechanisms of the C-ISA 1 and 2
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C-manifolds for the (S* x S%, S*x S?, S'x S §?x Sh)
using the shape variables of 6;_,, a;_4. The common
mechanism of the micro modular C-manifold enables
the design of the macro modular structure with a
C-ISA C-manifold of the kinematic equations derived
using the M-GLAT method. The angle in between the
skew axes specifies the common mechanisms
modularly for the defined C-manifolds.

The purpose of the C-ISA C-manifold of the skew
revolute joints for the 2-RR modular robotic gripper
with this research article is to generate novel various
kinematic geometries as workspaces using the six
shape variables of the 6;, and a;_, for the shape
spaces of S'xS' and possibly S?. Upon designing the
micro modular C-manifolds, the angle between the
skew axes for invented configurations shapes the
modularity within the common mechanisms of micro
modular C-manifolds. This angle describes the
relative integration of each unique C-I1SA structure for
2-RR modular robot gripper designs, as shown in
Fig. 1 with 6, and a;4. The Iy is the length of the
rigid body as link 1. Moreover, the lengths r; and r,
are the centers of gravity of links 1 and 2,
respectively. The twisted hand example® is indicating

Joint for Z

changing 90-at, ¥

a, and o,

Base

the high versatility of the gripper designs. Macro
modular C-manifold established with the variation in
the relative poses combinations of each unique
micro modular 2-RR C-manifold design parallelly or
serially, as shown in Fig. 2. The workspaces are
analyzed based on the parameters of C-ISAL, C-ISA2,
61, and 6, for micro and macro modular C-manifold of
mechanisms, as shown in Figs 1 and 2, respectively.
The micro C-manifold cases are relative positions of
the C-ISA 1-2 for the parametric values of oy, ay, as,
and a4. Having created y, between the C-ISA 1 and
C-ISA 2 for the micro modular C-manifold as shown
in Fig. 1, the combinations of y; micro modular
C-manifold with the y, are the characteristic
parameters of macro modular C-manifold as in Fig. 2.

The relative integration of the micro modular
C-manifolds of the macro mechanism in Fig. 2a, a
limb with four C-ISA of two relative angles, occurs
between the micro C-manifolds of the y, angle and y,
angles. The 2-RR gripper for the micro and macro
modular C-manifolds obtain validated results of the
skew revolute joint as common mechanisms via the
developed analysis methodology within this article.
Thus, the content of the macro modular robot grippers

Fig. 1 — Micro modular C-manifold design of 2-RR grippers
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Fig. 2 — Macro modular C-manifold design of 2-RR serial gripper mechanisms of the y;, and y, for robots — (a) Serial macro modular

C-manifold design; (b) Parallel macro modular C-manifold design

is classified into three distinguished categories, which
are serial, parallel, and hybrid modular types for 2-RR
spatial mechanisms.

The a;.4 angles are solved for the constant angle in
between C-ISA 1 and C-ISA 2. These specified angles
are utilized in the derived EOMs from M-GLAT.
Meanwhile, the same a;4 angles are realized in the
workspace equations derived from the M-GLAT.
Finally, the dynamics and the workspaces are
analyzed for the constant angle between C-ISA 1 and
2. The modular grippers of the robots are designed
using the parallel macro modular C-manifolds, as
shown in Fig. 3. The two vertically concentric C-ISA
of the first revolute joints integrate with the two
parallel C-ISA of the second revolute joints shown in
Fig. 3a. The perpendicular C-ISAs of the first and
second joints are constructed modularly to join, as
shown in Fig. 3b.

The macro modular C-manifold determines the
shape variables of the a5 — 6,4 for 4-RRRR in Fig 3.
Additionally, the angles in between skew axes of the
C-ISAs as y in Fig. 2 are arranged for grasping.
Besides, these grasping arrangements are designed for
the workspaces determined from the results section.
The novelty subject of this article is the development
of the M-GLAT method for derivation of the
constraint-based workspaces with the shape variables
(014 — 012) in the field of the 2-RR gripper
mechanisms. Additionally, the robot dynamics of the
constraint- based workspaces are developed for varied
configurations of a;4 with ICs of 0, ,. Parallel, serial,
and hybrid 2-RR modular designs define the macro
modular mechanism structure of which numerical
results for specific cases of spatial coordinate
kinematic positions of the configurations are obtained
with generalized symbolic mathematics results of
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Fig. 3— The examples of the modular 2-RR gripper designs — (a) 3-RRR: 2 @ v -2 ||; (b) 4-RRRR: 2 L vh -2 L

M GLAT. The same equations obtained via the
M-GLAT can also be derived as in the specified
references.’

However, the M-GLAT method for the grippers
with the six shape variables can derive the modular
generalized constraint-based workspace and dynamic
equations for all cases of the C-manifolds. The same
circumstances can be possible for the derived
Equations in Appendices of the A1 and A2.” Besides,
the 2-RR gripper mechanism is expanded for the n-R
grippers with the expanded version of the M-GLAT.
Therefore, the M-GLAT is used to develop
workspaces with dynamics for the various kinds of
grippers.The  defined symbolic formulas in

M-GLATare Ad(glj Z)E%—Zj for spatial workspace, and
Ad(_gllj Z)E%_zj for body workspace.” The results of

modular 2-RR gripper workspaces have many
possibilities for the shape variables of (o;.4 — 6;2) using
the M-GLAT method. The simplified M-GLAT results
for the adjoints are in Appendix A2” for the skew
revolute joints of the C-ISA 1 and C-ISA 2.

Methodology
The Modular C-Manifold Design of Workspaces with the
Angle Between Joint 1 and Joint 2

Kinematics was analyzed using the constraints of
the angle between two C-ISA. The scalar
multiplication of the two C-ISA vectors occurs to
solve for constraint angle in between two C-ISA for
modular configuration dependent robot kinematic
design, as shown in Eq. A1”of Appendix. The
defined scalar product equation determined solving
Eg. Al. Then, the specified equation defined in
between 0 and 7 is solved according to the constraint
angle between C-ISA 1 and C-ISA 2. A nonlinear
numeric solver of the Newton-Raphson iteration
method is used to solve it in Maxima.

Upon defining the reduced shape variables of u and v
functions in terms of &, being u and, 8, being the v, the
surface plot realized using the configuration manifold

function of Ad(gl,- Z)E%_Zi in Maxima. As reduced shape

variables, 0; and 0, parameters varied between the
requested angular ranges to construct the established
workspace surfaces out of the configuration manifold
functions of the x, y, and z coordinate components of
2-RR  modular grippers. The definition of the
configuration manifold function of u, v can be any two
parameters of shape variables to solve X, y, and z of

S -
Ad(gl,-,z)glili for workspace analysis of the 2-RR

modular robots. | solved kinematic adjoints with twist
equations of the C-ISA 1 and C-ISA 2 for specified
constraint angle value between C-ISA 1 and C-ISA 2, as
shown in Fig 4a. The 2-RR grippers design the macro
modular structure with the angle y in between C-ISA 1
and C-ISA 2. The parameter of the angle between C-ISA
1 and C-ISA 2 affects the kinematics and dynamics of
the modular grippers. The n/2 radian swept around axes
for 6, and 8, establishes the workspaces of the area
without overlapping for some of them. In other words,
the swept range increase reduces the quantity of the
non-overlapping workspaces. The 23 workspace areas of
G’s are created from the i = 0—22, as shown in Fig. 4a.
Some of the workspaces without overlapping among
them are selected, as seen in Fig. 4b.

The reduced shape variables of u and v define the
workspace analysis within the specified ranges. The
result for the workspace is a vector space of the 6 x 1
on SE(3). The adjoint matrix of the 6 x 6 on SE(3)
multiplies with the spatial twist of the 6 x 1 on the
se(3). The result of matrix multiplication obtains the
workspace of the 6 x 1 matrix on the SE(3). The
workspace vector elements map starting from the first
row as the (x, y, z) orthogonal axes of the chart. The
results of the f,,, fo, and f., as seen in Eq. 1***9, are
the configuration manifold functions with the total
original shape variables of 0.4, 61 ;.

fox(a1—4; 01,2) = Ad(gljiz)fisj_zj‘ (1:1);f0y(a1—4a 91,2) =
Ad(y 82 (21)
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for(0.4, 012) = Ad(gljiz)gfj_Zj 3.1 - (1)

Upon substitution of the constant values for the o4
in the shape variables, the C-manifold of the functions
is generating workspaces using the reduced shape
variables projected on the xyz axes as in Eq. 2.46%%)

fox(UV) = fox(@14, O12) =x(01, 0), u= 0, v=0, ; f,(uV)
= foy(a1_4, 91’2) :y(gl- 92) , U= 0]_, v=62;
fl’Z(ulV) = 02(“14; 01,2) = 2(91, 92) , U= 91, V:HZ (2)

(a) ~@=CISA 1 (al)® —d—=C-5A1 (a2)® =3=C-5A2(a3)° —=C-5A 2(a4)®

Fig. 4 — The solution of the a;., for the constant ©/6 angles in
between C-ISA 1 and 2, X, y and z (in meters) — (a) G1-23
sequential increments of /80 for az and ay4; (b) Non-overlapping
workspaces of the G1, G10, G22
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The C-manifold for the reduced shape variables
becomes as in Eq. 3. The ranges for the reduced shape
variables define the characteristics of the C-manifold
in Eq. 3.0¢19

S™S' = {(x, ¥, ) €R% x=fr(U,v) , y="Fy(uVv), 2=
foUV):0<sus<Z, 0<sv<Z}andM =/(6,
0,)| 6, €S", 6,€5"} ..(3)
The Validation and Verifications of the Developed M-GLAT
Method

Upon substitution of the oy ,34=7/2, the M-GLAT
method obtains the EOMSs of this known case.”*
Then, these known equations from the literature
verified the derived equations of motions from
M-GLAT. Additionally, the kinematics equations of
workspaces obtained from M-GLAT are verified
using trigonometry of the determined geometry for
the C-manifold of the oy ,34=7/2. Finally, the derived
adjoints and the inverse adjoints via M-GLAT are
validated and verified with the results already
available in various references for specific simple
configurations of the 2-RR robots.®*%

The Robot Dynamics of Skew Revolute Joints for Varied
Configurations of a;_4 with ICs of 6;_,

The symbolic mathematics with Lie algebra
toolbox M-GLAT was developed to derive EOMs.
Thus, the algorithm of the Maxima is developed using
the kinematics of the Lie algebra and the Lagrange
method for derivation of the EOMs. The parameter
values for dynamics are in Table 1.

The derived EOMSs have the six shape variables of
the 8;_, and a;_, for skew revolute joints. Gripper
dynamics are defined for skew revolute considering
the varied configurations of a;_,with ICs of 6;_,.

The dynamics for aq_4 =% are the known EOMs*

derived from the generalized EOMs using M-GLAT.
The nonlinear numerical analysis method is described
via the solvable first-order ODEs. Thus, the nonlinear
state-space of the EOMs structured exactly to solve in
the Maxima. Appendix A3 is describing the
fundamental structure of the EOMs derived via
M-GLAT. Having applied these generalized
fundamental EOMs according to the references*™, the
EOMs obtained with the defined six shape variables
via M-GLAT. The generalized EOMs using the

Table 1 — Modular 2-RR gripper of the robot parameters

I 02m I, 0.2 kgm? lyz 0.2 kgm?
r 0.1m Iy 0.2 kgm? I, 0.2 kgm?
r 0.1m my 1lkg m, 1kg
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C-ISA configuration manifolds are validated and
verified with the known EOMs derived. The
verification of the M-GLAT is made possible by the
known EOMs for specific cases.?* %

Results
Results for Task Space Algorithm with the Angle Between
C-ISAland C-ISA 2

Upon defining the constant /6 angle in between
C-ISA of C-manifolds, the increment of 7/20 confined
the a; and a4 The angle between the C-ISA of
C-manifolds is determined using the shape variables
of the a;4 in the methodology section. The spatial
trajectory planning occurs for y angle in between
C-ISA 1 and C-ISA 2. Thus, the workspace
algorithms create trajectory planning via the angle
parameter between C-ISA 1 and C-ISA 2. The
modular micro and macro C-manifold designs
obtained the workspace algorithms of the 2-RR
gripper, which is expandable into the higher modular
revolute joints of the n-R for the grippers. The n-R
modular expandable grippers are increasing the
precision and power grasping capability. Having
contained the constant angle of y = /6 in between
C-ISAs, the a3 and a4 analyzed for the 23 consecutive
increments of 7/20, w/40, and w/80. The characteristic
shape of the workspaces is similar for the as and o, of
/20 and w/40 intervals. The non-overlapping
workspace plot for /80 increment is in Fig. 4.

The specified y angle in between C-ISA 1 and 2 in
this article is a characteristic parameter identified for
modular grippers. The consequence of this research
article is the spatial C-manifold via mechanism-based
designs of the C-ISAs for a 2-RR and n-R modular
gripperof novel workspaces with dynamics results.
Additionally, the 6, , angles are swept in a range of 0
to m/2 radians to construct the workspaces for all cases
with varied workspaces result of C-manifolds. When
the angle 7/6 is constant in between the two C-1SAs,
the equations are solved for the 23 consecutive
increments for oz and a4 listed in Fig 4. The
non-overlapping plots are selected from Fig. 4b with
the x, y, and z axes in meters. Upon defining the
constraint angle of y = /6 in between C-ISAS, the
algorithm with the a3 and a4 solved the increments of
n/80. The nonlinear numerical algorithm of the
Newton-Raphson method is used in Eq. Al to solve
for a;.4 with the 23 consecutive increments of 7/80.

The result of the developed algorithm defines the
C-ISA 1 and 2 formulations of the shape variables ;.4
derived from the scalar product, as shown in Eq. Al in

the appendix. The compact with various sizes achieves
to structure the workspaces for the macro modular
C-manifolds in Fig 4b. The workspaces for these 2-RR
modular grippers can be structured to work
synchronously. The design procedure of the workspaces
for the 2-RR modular grippers generates the results in
Fig 4b wusing the kinematic equation of the

S -
Ad( gl,-,z)"zlf_zf' These workspaces are designed not to

have overlapping regions, the requirement for collision
avoidance, within multi-robot and multi-finger gripper
applications. Besides, the workspaces are designed to
work concurrently and synchronously. The result of
adjoints in Appendix A2 is limited for specific
C-manifold due to limited space in this article.

The multiple workspaces without overlapping were
created with the minimum angle increment of m/80
between the C-ISA 1 and 2. | observed reducing the
increment of the angle for multiple workspaces was
changing the characteristic area of the workspace
designs of the 2-RR gripper. This spatial workspace
analysis using the M-GLAT method is successful in
creating workspaces with varied characteristics for the
grasping of the grippers. There are sequential
non-overlapping workspaces of the G2-G10 and
G16-G21 with the increments of /20 for the as and
a4. Additionally, there are many possibilities to select
the non-overlapping workspaces from the GO0-G22
workspaces. There are sequential non-overlapping
workspaces created of the G4-G22 with an increment
of /80 for the az and a4. Additionally, there are
sequential non-overlapping workspaces created of the
(G2-G22 with an increment of 7/40 for the o3 and ay.
The constant angle in between the C-ISA 1 and 2 is
generating similar shapes of the workspaces for the
cases of (m/20, n/40, n/80). The created C-manifolds
of constraint angle between C-ISA 1 and C-ISA 2 are
defined for the task space algorithms of the 2-RR
modular grippers. The maximum C-ISA angle
reached for the 23" surface is the least for n/80 of
Fig.4a compared to the n/20 and n/40. The collision
avoidance of the fingers for the grippers can be
realized with the analysis results here. One can select
a combination of C-manifolds of (7/20, 7/40, ©/80) for
the workspace requirements of the gripper finger
designs as the grasp surfaces to control.

Results for the Modular Spatial Gripper Dynamics for Varied
Configurations of a;_4 with ICs

The comprehensive phase plane plotted for the
angular velocity (rad/s) versus angular position
(radian) in Fig. 5 for various shape variables a;.4 and
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Fig. 5 — x and y axes are 6, (rd) and 8,(rd/sec) respectively for
C-manifold of (ay.4= 7/6, n/3, 7/6, ©/3)

ICs of the 6,, angles with the C-ISA configuration
manifolds. While the kinematics equations structure the
constraint-based design of the workspaces, the
dynamics with the derived EOMs apply to the skew
revolute joints for developing the grasp planning of the
grippers. The dynamics of the EOMs with workspaces
are needed for realizing the grasp planning.

The motion strategies for various initial conditions
of 6, , angles are analyzed based on the C-manifold of
the C-ISA with shape variables of the a;4. M-GLAT
is capable of deriving the constraint based workspaces
with dynamics of the EOMs. Responses based on the
various skew axes of a;4 for the ICs of the 6,
construct the velocity versus position requirements for
the actuator design of the modular 2-RR grippers in
the skew revolute joints. The quantity of sine and
cosine terms of the EOMs are decreasing when the
shape variables of the o;4 are (Va;_4 €ER fori€

Z, a1_4=i%).” The cosine and sine terms of

the in/2 are zero or 1 with orthogonal or parallel
axes. Therefore, the results of the EOMs are
simplified when the two of the a,4 are in/2 for the
integer i values. The geometry transforms into the
horizontal orientation with parallel non-skew axes
when the ;.4 angles are equal to the /2 for skew
revolute joints. The results for the created
configurations are shown in Fig. 5 of the (a1.4= /6,
n/3, w/6, w/3) respectively for the ICs of the 6,
angles. The legends of the lines in the plots for ICs
have dashed line represents the (6,= n/6, 8,=0), and
solid line with star point represents the (6= w/3,
6,=0). The simulated time for EOMs is 40 seconds.
The ICs for the phase plots of the 6, and 6, are (6,=
7/3, m/6) and (6,= 0, 0) for C-manifold of (oy.4= 7/6,
n/3, w/6, n/3) in Fig. 5.

The phase plots are the solutions of the derived
EOMs via the M-GLAT method for the substituted
values of the a4.4. The results of the ;.4 = 7/2 for the
position and velocity plots are zero since this scenario
is a complete horizontal configuration for both the
first and second links. The dynamics of the double
pendulum problem in the literature is the most
widespread application in controls. Therefore, it is
fundamental to obtain the constraint-based most
comprehensive dynamics and kinematics equations
that have the most applicability in the multibody
dynamics control problems.

Discussion

The M-GLAT of the micro and macro gripper
mechanism is derived and analyzed workspaces with
dynamics for the specified constant angle between
C-ISA 1 and C-ISA 2. The developed rule-based and
constraint-angle dependent workspace analyses can
serve to progress in the field of the algorithm for
task-space based motions, which are reliant on the
modular C-manifold design with shape variables of
the (a;4—012). Additionally, the novel dynamics
equations determine these task-space dependent
algorithm development with novel EOMs based on
the same shape variables of the (o4 — 01,). The
qualifications of the advanced robotic grasp
technologies rely on the requirement of the surface
trajectory tracking control via the 6-DOF closed-loop
design?” Since the problem of path planning for
multiple robots requires an accurate model of the
workspaces®, this article contributes to establishing
accurate workspaces of 2-RR and expandable n-R
grippers for path planning and grasping. The
cost-effective modularity with path planning® is
feasible using the state-of-the-art technologies of soft
robotics® and mobile household robots.*

The skew axes of n-R grippers with specified
dynamics and constraint based workspace equations,
as derived with this article here, have potential
progress in the design of the multi-fingered robotic
hands.’® The complete constraint- based parametric
workspaces with dynamics analyses of the serial
mechanisms are not available for the grippers with
skew revolute. Thus, the research in constraint of
angle in between C-ISA based workspace with
dynamic completed of this article can lead the design
of the skew axis related hands and wrist mechanisms
with functional designs using the M-GLAT developed
herein. The nonlinear EOMs are solved numerically
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using the Runge-Kutta (RK) method in Maxima. All
the EOMSs for various C-manifolds of o4.4 can be
generated using the general EOMs with specified
values of the oy4. Then, the differential equations of
the substituted a4 angles are solved for the ICs of the
01, using the RK. The phase plots of the simplified
EOMs derived using M-GLAT are validated and
verified by the known EOMs for 2-RR robots. These
known EOMs are derived and available as the double
pendulum problems in the literature.?*2°

Upon determining the task space and workspace
for 2-RR modular grippers, the details of the
configuration dependent modular design can further
progress via specifying the C-manifolds. While the
C-ISA 1 manifold has the shape variables of the 6;
and a; ,, the C-ISA 2 has the shape variables of 0,
with as4. After selecting the shape space for
C-manifold as S'xS' or $°xS? the 2-RR modular
robot design constructs the requirements of the task
spaces for the robotic systems considering the shape
variables. Learning algorithm manifolds for dexterous
fingers of skew revolute joints can be defined for the
grasp planner utilizing the kinematic and dynamic
equations developed as C-manifolds with the article
here. The created sequential non-overlapping
workspaces, in the results section herein, are
convenient in grasping the homogeneous symmetrical
shapes stably with multiple fingers.

Conclusions

The micro and macro 2-RR modular grippers were
investigated and designed via configuration dependent
modular designs of C-ISA in this article. These
configuration dependent modular components were
analyzed in the previous sections as the C-ISA angles,
which are modified for the configuration of the 2-RR
modular grippers using the manifold of the Euclidean
space in body coordinate. The fingers without
collision for the grippers were designed based on the
non-overlapping workspaces developed here. The
constraint angle design in between axes of the skew
revolute joints provides the contained specific grasp
capability of the gripper. This design approach
produces dexterity with the modular grasp
workspaces for the gripper fingers with skew revolute
joints. The constraint based workspaces with
dynamics of the EOMSs herein are the value added
analyses capability of the developed M-GLAT for
the spatial micro and macro modular gripper
mechanisms.

The developed method of M-GLAT conveys the
mapping from the Lie group SE(3) to the Lie algebra
se(3) through the subjects of the differential
geometry. The specified constraint based analyses of
the 2-RR modular gripper workspaces with dynamics
of equations for skew revolute joint are revealed. The
novel workspaces were created for multiple modular
2-RR grippers with and without overlappings. The
modular grippers have common mechanisms that can
be modified as a modular configuration-based design
approach for increasing the functionality using the
abstract mathematics of the differential geometry.
These common mechanisms of the modular robots
can be structured using the manifolds of varied shapes
for the required configurations. The mechanism
configurations of the shape variables 8, ,, a;_4 were
changed dynamically for 2-RR modular robots via the
angle in between the C-ISA 1 and C-ISA -2.

The 2-RR modular grippers of the common
mechanisms are tested via the micro and macro
C-manifolds of the kinematic equations derived from the
M-GLAT method. The algorithm results unveil the
diversification of the created workspaces through the
a,_4 Shape variables of the C-ISA 1 and 2. The high
potential of the structured workspaces handles to
manipulate the 2-RR modular grippers in widespread
automation  applications. Modular  configuration
manifolds of the shape variables (04— 01,) Were created
of the skew revolute joints for 2-RR through the
dynamics and kinematics equations. Many applications
with coherent results further progressed with the
modularity and versatility of the serial grippers. The
systematic workspace methods developed were applied
with the M-GLAT method for modular C-manifold of
2-RR and expandable n-R grippers. The algorithms of
task spaces have relied on the novel workspaces
developed with this article. Finally, the designed novel
dexterous multi-grippers of the modular 2-RR and n-R
C-manifolds can program the task spaces precisely by
applying these algorithms. Furthermore, this modularity
is crucial for the mechatronic systems integrated into
sensory-robotics applications.
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Appendix

Al) The complete EOMS and adjoint matrices obtained from M-GLAT are not included in this article, due to
complexity of the equations. The equation of the scalar multiplication of the angle between the C-ISA 1 and
C-ISA 2 is in the following equation. The generalized equations between two ISA’s are already derived using
the scalar multiplication from references.’

cos-1 (sin(ay) sin(ay) + cos(az) cos(ay) cos(ay) cos(ay) + cos(ay) sin(az) cos(ay) sin(ay))

(sin(ay) sin(ay) + cos(ay) cos(ay) cos(ay) cos(ay) + cos(ay) sin(ay) cos(ay) sin(ay)).
(sin(ay) sin(ay) + cos(az) cos(ay) cos(az) cos(ay) + cos(ay) sin(asz) cos(ay) sin(az))

A2) Adjoint of the transformation matrix between the first joint and the COG of the second link derived using
M-GLAT: The modular C-manifold for the special case of a; = % oy = g a3 = %,a4 :g is revealed as
below.

The same equations are derived using the various methods in the literature.” However, M-GLATcan derive all
equations for the C-manifold of the a;_4and 6;_, shape variables.

Adgg,, )=
o, o, 0 0 0 —a3 — cos(8,) g,
g, o 0 0 0 05
0 0 1 oy(o3+cos(01)cs — 0,05 —0,(03+cos(8,)ag — 0105 0
0 0 0 01 () 0
0 0 0 gy (5} 0
0 0 O 0 0 1
where,
o1 = cos(6;)cos(0,) — (sin(6;) sin(6,)), 0, = cos(61)sin(0,) + (cos(0,) sin(6,)),
o3 = sin(@l)(sin(ez)(ll +1)— llsin(Hz)) , o4 = —cos(6;)sin(0,) — cos(6,)sin(6,),

o5 = cos(61)(sin(8,) (1 + 12) — l1sin(6,)) — sin(6;)as, 06 = l1(cos(B;) — 1) — cos(6) (L4 + 1)

A3) Derived parametric EOMs by M-GLATmethod for C-manifolds: The generalized equations used in the
algorithm of the M-GLATare from the various references”*: The My1, My, Ci1, Cip, N1, My1, My, Cy, and N,
terms are derived symbolically for the equations of motions below via M-GLAT

EOM for the first I’lgld bOdy link: Mll (91,2, a1_4)él + M12 (91,2, a1_4)éz + Cll (61,2, 91,2, a1_4)9192 +

. .2 .
Ci2(01,2,012,@1-4)02 + Ny(012,012,a1_4) = 0
. . , .2
EOM for the second I'lgld bOdy link: M21 (61’2, a1_4)61 + M22 (912, a1_4)92 + sz (912, 9172, a1_4)91 +
N2(012,012,01-4) =0



